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Abstract 
For a smooth action of a compact connected Lie group on a compact connected smooth manifold, 
the authors construct a family of metrics which assign a prescribed set of volumes to a prescribed 
set of principal orbits of the action. This basic result is used to investigate isometry groups of 
maximal dimension on smooth manifolds. 
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1. Introduction 
If G is a compact connected Lie group acting smoothly on a compact connected 
smooth manifold M, we can introduce, by standard procedures, a Riemannian metric g 
on A4 such that G acts as a group of isometries on the Riemannian manifold (M, g). 
If M* denotes the orbit space of M, there is a naturally defined volume function V, 
which is continuous on M* [l I]. Moreover, if M(H) denotes the union in M of the 
principal G-orbits and MiH, its image under the projection map T : M + M*, V, is 
smooth on MyH,. 
Our basic result is the following: 
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Theorem A. Let G be a compact connected Lie group acting smoothly and nontransi- 
tively on a compact connected smooth manifold M. Let XT, x2*, , XL be any prescribed 
collection of principal orbits and 
0 < a] < a2 < . . < ak 
any sequence of positive real numbers. Then there exist uncountably many homothetically 
distinct, but mutually conformal, metrics ga on M such that G acts as a group of 
isometries on Ma for each a: and 
Va(x:) = ai, i= 1,2 )..., k, 
with x,* an isolated critical point of the volume function V, for the value ai. 
In particular, we can argue that x; is a unique orbit of maximum volume ak. It follows, 
moreover, by a result of Hsiang [lo] that each G(xL), 1 < i < k, is a minimal submanifold 
of M,. 
Theorem A has a number of interesting applications. After proving Theorem A in Sec- 
tion 2, we consider in Section 3 the Kervaire sphere C4mf’. Using the Brieskorn con- 
struction of C4m+‘, it is seen that SO(2m+ 1) x SO(2) acts smoothly on C4m+1, m 3 2. 
The application of Theorem A to this example yields uncountably many homothetically 
distinct metrics ga on an exotic Kervaire sphere C4m+‘, each with isometry group of 
maximal dimension and unique prescribed principal orbit of maximum volume. Using 
smooth constructions of Bredon [4] we are able to explicitly describe the geometric 
structure of these isometric actions on the Kervaire spheres. 
For a compact smooth manifold M, the degree of symmetry of M, N(M), is defined 
as the maximum of the dimensions of all compact Lie groups which act effectively and 
smoothly on M. Alternatively it is the maximum dimension of the isometry groups of all 
possible Riemannian metrics on M. We establish the following application of Theorem A. 
Theorem B. Let M be a compact connected smooth manifold which is not a homoge- 
neous space. If N(M) > 0, there exist infinitely many homothetically distinct Riemannian 
metrics ga on M with isometry groups all isomorphic and of dimension N(M). 
We conjecture that this result holds, with some restrictions, for homogeneous manifolds 
as well and cite a special case proven by Lukesh [14]. 
Theorem B suggests the following conjecture. 
Conjecture C. Let M be a compact connected smooth manifold and G a compact con- 
nected Lie group acting effectively, nontransitively, and smoothly on M with 
0 < dim G < N(M). 
Then there exist uncountably many homothetically distinct Riemannian metrics ga on M 
with isometry groups whose identity components are all isomorphic to G. 
We first show that Conjecture C holds in some special cases and later establish the 
conjecture “up to the rank of G.” 
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Theorem D. Let M be a compact connected smooth manifold and g a Riemannian 
metric on M such that 
TO = rankIsom(M,g)’ > 1. 
Then for anyfied T, 1 < r < ro, there exist uncountably many homothetically distinct 
metrics ga on M, mutually conformal to g, such that 
rank Isom(M, ga)’ = r. 
The authors are grateful to the referee for suggesting the strengthening of Theorem B 
and the simplification of the proof of Theorem 5.1. 
2. Proof of Theorem A 
For the terminology and basic results of differentiable transformation groups we refer 
the reader to Bredon [4]. If G is a compact connected Lie group acting smoothly on a 
compact connected smooth manifold M, we can average any Riemannian metric g on 
M over the compact group G to obtain a metric c on M invariant under G, i.e., G acts 
as a group of isometries on (M, 9). 
We assume now that G is a compact connected Lie group acting effectively as a group 
of isometries on a closed connected Riemannian n-manifold M. If M* denotes the orbit 
space M/G and 7r : M + M* the natural projection, we let n(G(z)) = x*. The volume 
function 
V:M*+IR 
is defined as follows: 
1 
vol (G(s) 1 if G(s) is a principal orbit, 
v(x*) = m vol(G(z)) if G(z) is an exceptional orbit, 
0 if G(z) is a singular orbit, 
where m = the number of the cosets in K/H for K an isotropy subgroup of the 
exceptional orbit and H a principal isotropy subgroup. If we denote the union in M of 
the principal orbits by M(H), which is an open dense subset of M, it follows from the 
Slice Theorem that V is continuous on M’ and differentiable on MiHj [ 1 11. Moreover, 
it is known that an orbit of maximal volume is a minimal submanifold of M [lo]. 
Let (M, g) be a Riemannian manifold. For any cp E C-(M), define a conformal 
metric gP on M by 
gp(X, Y) = e’P(“)g(X, Y), X, Y E T,(M) 
~3 is called equivariant if 
cp(hz) = V(X)> all h E G, all CC E M. 
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If so, cp induces a map 
‘p* : iv* -+ Et. 
Lemma 2.1. IfG acts as a group ofisometries on (A4,g) and p E C”“(M) is equivariant, 
G also acts as a group of isometries on (M, glp). 
Proof. For any h E G, 
g,(h,X, h*Y) = ePp(h(z))g(h+X, h,Y) 
= eP(“)g(X, Y) = gip(X, Y). 0 
Lemma 2.2. Let G, M, g, and glp he as described in Lemma 2.1. If x* = G(x) is a 
principal orbit of the action of G on M, 
VP(x*) = &+)/2V(xL.*) 
where d = dimG(z) and V and V, denote the volume functions with respect to g and 
gP respectively. 
Proof. Let 9 and TV be the metrics on G(x) induced by g and gP. Then & = e’6j. If 
ug and vg, denote the volume forms of G(z) in the metrics 9 and & it follows that 
u9, = (eP)%,. 0 
Proof of Theorem A. We start with a G-invariant metric g on M and first show that 
for any p* E MTH, and any positive real number a, there exists a conformal metric ,9n 
on M with &(p*) = a. Since M* is compact, let 
a0 = max { V(x*): x* E M*}. 
We may assume a0 < a for, if necessary, we may change the metric g on M by a 
homothety. 
Case 1: V(p*) = a~. Choose cy > 0 such that a = eda/*uu where d = dimension of 
the principal orbit p* = G(p). Let W be a local coordinate system of MiH, centered at 
p*, and U and 6 disks with centers at p* contained in W of radii & and 2&, b > 0, 
respectively. So 
p*~UcUcWcM~~~cA4*. 
Define a Coo-function (pa : fi --t R by 
f(t) dt 
where lx*/ = distance from p* to x* and 
O<t<b, 
otherwise. 
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Observe that f(t) > 0 for 0 < t < b and 
(i) (pa(2*) > Cpa(y*) for 0 < IX*/ < ll~*j < v% 
Moreover, 
Extend (Pa on u to M’ by setting 
pa(z*) = 0 for z* $ V. 
Now 
G(p) c F’(U) c ~‘(6) c M. 
Define 
Then (P~ 1~’ (6) is C” and (Pi [(M - r-‘(U)) E 0. Hence (pa is a C” equivariant 
function and we set ga = epa g. It follows from (i) and (ii) that (Pa : 6 -+ R has a unique 
maximum at p*. Moreover, by (2.2), 
Since V has a maximum at p*, V, has a unique maximum at p*. 
&se 2: V(p*) < a~. Let p* E U C 6 c W C MiHj be as in Case 1. Define 
7$(x*)=-iln{F}, z*EU. 
Set 5’ = M;,, - ??. Then (6, s} is an open covering of Mi;l,. Let {p,, p,} be a 
partition of unity subordinate to the covering (6, s}. Then 
supportpij C 6. 
Define$:M*+lRby 
$@*) = { POii(~‘)^(~‘) 
Then r+!~ is a C”-function on Mi,, and we consider the C” equivariant function 11, : M + 
E% defined by 11, = $ o n. Set g+ = e@g. By (2.2), 
VG(2*) = ed~(4/2V(z*) = .~,(~*)V(s”)l-Po(z*), 2* E MTH,, 
Since p,(zr*) = 1 for z* E g, VQ(X*) = a0 for each z* E U and so a0 is the maximum 
value of V+. 
Since I$, (p*) = a~, we can now apply the techniques of Case I to (M, gti) and obtain 
a metric ga so that V, has the unique maximum value a at p*. 
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Now suppose x7, xz, . . . , xi E MyH, and 0 < al < a2 < . . . < ak. We choose small 
disjoint open disks 
Ui C Ui C Wi 
centered at XT, 1 < i < k, as before. 
Applying the above procedures to each x,* and ai, we obtain equivariant functions 
pai : M -+ If%, I<i<k, 
with ai = edaa/2aa. Finally let 
ga = (e 
‘pa, +...+(ouls 
>g. 
It follows that 
Va(xCf) = V&(x,*) = ai, 1 6 i < k, 
and z;, . , xi are isolated critical points of V,. Moreover, we can argue that xl is a 
unique orbit Of maXh.IIII VOhne ak. 0 
Remark 2.3. Note that, in the proof of Theorem A, we do not change the metric g 
outside of the open sets n-l (Ui), 1 < i < k. 
Remark 2.4. The assumption of the connectness of G in Theorem A is technically not 
required in the proof provided that dim G 3 1. Without connectedness, principal orbits 
may resemble, topologically, the union of exceptional orbits. 
3. Isometric actions on Kervaire spheres 
In this section we construct explicit and interesting examples of isometric actions and 
apply Theorem A. 
We first review a smooth construction of Bredon [4, pp. 49-55, 260, 3321. For x E 
P-i, let 8, be the reflection through Rx in IR”, i.e., 
&(V) = 2(Z,Y)Z - Y, Y E IRn. 
If S”-‘(r) denotes the sphere of radius r in R”, define 
‘p: P-‘(r) x sn-’ (r) + s’“-‘(r) x P-‘(r) 
by P(S,Y) = (@&)>x). If we consider the standard diagonal action of O(n) on 
S”-‘(r) x S-i(r), ‘p is an equivariant diffeomorphism. Define, using the smooth at- 
taching map cp”, 
c?-‘(r) = S--1(7-) x D”(r) u,* D”(r) x SL-i(r). 
Then O(n) acts smoothly on ZpP1 (r) with two isotropy types (O(n- 1)) and (O(n-2)) 
and orbit space ,$-‘(r)/O(n) d’ff m I eo orphic to D*. Moreover [4, p. 521, 
E:;+‘(T) is a homotopy (4m + 1)-sphere 
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and 
C,“v:’ (r) is a homology S2” x S2m+1, m> 1. 
4m+’ In fact [4, p. 3321, C, Ic odd is diffeomorphic to the standard sphere for k G &I 
(mod 8) and the Kervaire sphere i4m+i for k E ~t3 (mod 8). 
Now we impose a Riemannian structure on this smooth construction of Bredon. Using 
the standard product metrics on P-‘(r) x D”(T) and D”(r) x S”-‘(r), we show that 
‘p, and hence ‘p Ic, is actually an isometry. Define 
@:lR”-{O}xlIP-{O}+IIB”-{O}xEP-(0) 
by @(x,Y) = (e,(Y),x). Now @ is 0( n e uivariant and we can decompose + as a )- q 
composition of two isometries: 
We have the following result of Bredon [4, p. 2601: 
Theorem 3.1 (Bredon). Consider O(n)-spaces (smooth) over D2 with isotropy types 
O(n - 1) on S’ and O(n - 2) on int(D2), n 3 2. Any such space Y is equivalent over 
D2 to ,$‘-l for some k 3 0. Moreover; for this k we have 
Hi (YH; Z) E’ ZI, (Z when k = 0), 
where H = O(n - 2) and YH denotes thefied point set of H on Y. Thus the O(n)- 
spaces over D2 are class@ed by the first homology group of YH. 
Our geometric construction and Theorem 3.1 yields: 
Theorem 3.2. Let O(n) act smoothly on M2’+’ with M2”-‘/O(n) diffeomorphic to D* 
and isotropy types O(n- 1) on S’ and O(n- 2) on int(D2), n > 2. Then for any r > 0, 
there exists an invariant Riemannian metric on M2n-’ so that the action is the isometric 
action of O(n) on EF-’ (r) as constructed above. Hence there exist uncountably many 
homothetically distinct, but mutually conformal, metrics ga on CF-‘(r) with O(n) as 
the group of isometries for each Q. 
The Kervaire sphere C4m+’ can be constructed by using the method of Brieskorn [5] 
and Hirzebruch and Mayer [7], that is, C4m+1 is diffeomorphic to the intersection of the 
variety 
20” + Z: + z; + ..+z;m+l =o 
and the sphere 
Iz012 + (z, I2 + . . . + IZ2m+112 = 2 
where (za, zi, . . . , _qm+l) E fL?+’ and k E 3 (mod 8). In this setting of algebraic 
geometry, G = SO(2m + 1) x SO(2) acts effectively, smoothly and nontransitively on 
,E4m+t where SO(2m + 1) acts on (~1,. . . , ~2~~+1) as a subgroup of U(2m + 1) and 
SO(2) = (I 
e2i8 0 
,k i0 
0 ,k i0 I EU(2m+2)10<0<27r 
Thus, we may use Theorem A to obtain the following: 
Theorem 3.3. Consider the smooth nontransitive action of G = SO(2m + 1) x SO(2) 
on the Kervaire sphere C4m+‘, m > 2. Let p* be any principal orbit of this action. Then 
there exist uncountably many homothetically distinct, but mutually conformal, metrics go1 
on C4m+’ such that G acts as a group of isometries for each cy and p’ is a unique orbit 
of maximum volume. 
4. Degree of symmetry of a smooth manifold 
For a compact smooth manifold M, the degree of symmetry of M, N(M), is defined 
as the maximum of the dimensions of all compact Lie groups which act effectively and 
smoothly on M. Alternatively it is the maximum dimension of the isometry groups of all 
possible Riemannian metrics on M. Hsiang [9] conjectured that the natural metric on a 
homogeneous manifold M = G/H is the most symmetric metric. In fact, he claimed in 
[9] to show that his conjecture held for the Stiefel manifold V&J = SO(n)/SO(n - 2). 
However, Lukesh [ 141 later showed the following: 
Theorem 4.1 (Lukesh). (1) I&,*, n 3 31 and odd, admits uncountably many homoth- 
etically distinct homogeneous metrics having SO(n) x SO(2) as isometry group. (Note 
N(Vn,J = dim(SO(n) x SO(2).) 
(2) M = S” = U(n)/U(n - l), m = 2n - 1, m 3 19, admits uncountably many 
homothetically distinct homogeneous metrics having U(n) as isometry group. 
In this direction we are able to establish the following: 
Theorem B. Let M be a compact connected smooth mumfold which is not a homoge- 
neous space. If N( M) > 0, there exist injinitely many homothetically distinct Riemannian 
metrics ga on M with isometry groups all isomorphic and of dimension N(M). 
Proof. Let G* be a compact connected Lie group of dimension N(M) acting effectively 
and smoothly on M. Suppose g is a G*-invariant metric on M and denote Isom(M, g) 
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by G, which has dimension N(M) but is possibly not connected. We now apply the 
techniques used in the proof of Theorem A. 
We may suppose pz is a principal orbit of maximum volume of the action of G on M 
with V(pG) = a~. Suppose 
aa < a] < a2 < ... < ak < ..’ 
with lim,&+oo ak = a < 00 and choose {ok} such that ak = edoIk12a0 where d is the 
dimension of G&i). Let Wt be a tubular neighborhood of G(pc) in M of small radius 
with respect to the metric g. Using at > 0, as in the proof of Theorem A, construct (pi 
and 6, so that 
CPI (P;) = a1 
and, if TTT] : M + M/G, 
G(po) c $(6) c WI. 
Set 
(PI = (p 0 ~1, gt = eV’g, and G1 = Isom(M, gt). 
Clearly G C Gt Note that dim Gt = dimG = N(M) but that Gt may have more 
components than G. 
Next choose a principal orbit p; of the action of G1 on M such that G, (p,) fl WI = 8. 
Let Wz be a tubular neighborhood of GI (~1) in M of small radius, now with respect to 
the metric gi, such that WI f~ Wz = 0. Using a2 > 0 and p;, construct (p2 and I!.& so that 
‘p2(p;) = CPZ and, if 7r2 :M + M/G,, 
GI(PI) c 7r,'(fi2) c W2. 
Set 
$32 =(P2or2, g2 = ep2g, = epI+p2g , and G2 = Isom(M,gz). 
So G c Gt c G2. Inductively, we have 
gk+, = ePc+lgk = e’pI+1p2+-+Pc+lg 
and 
GcG, CGzC...CGk+,, 
where 
Gk(Pk) C ~;;,(~k+,) c wk+l 
and 
wk+, n (wt u w, u.. . u wk) = 8. 
We wish to show there exists an index e such that 
Ge = Ge+,, all j 3 1. 
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This would complete the proof. Set 
t?= UGk and $ = klimm gk. 
k>I 
(i) G is a metric on M. 
Let 5 E M. If z # uk2t wk, F(X) = g( 2 since pk(z) = 0 for all k. On the other ) 
hand, if 2 E lJk2, wk, 5 E Wk,, for some ko and 5 $ wk for k # ko so (pk(z) = 0 for 
k # ka_Hence g(z) = e++lg(z). 
(ii) G ,c Isom(M,c). 
Let h E G. Then h E Gk,) for some ko. Hence h E Gk, k 3 ko. So 
gk(hX, hY) = gk(x, y)> x: y E TzM 
for k > ko. We have 
Zj(hX, hY) = iyinIgk(hX, hY) = dLirgk(X, Y) = F(X, Y). 
Hence h E Isom(M, c). Thus 
G C Gt C G:! C . . . C Gk C . C Isom(M, g). 
Since Isom(M, G) is compact, there is an upper bound on the number of components of 
the Gk’s and an index C such that 
Ge=Ge+j, alljal. 0 
Remark 4.2. It is an immediate consequence of Theorem A, say with k = 1, that there 
exist uncountably many homothetically distinct Riemannian metrics on M with isometry 
groups whose identity components are all isomorphic and of dimension N(M). 
In contrast to Hsiang’s conjecture mentioned above, we conjecture that Theorem B 
holds for homogeneous manifolds as well, with some restrictions such as M is not a 
symmetric space of rank one. 
In Section 3 we discussed effective smooth actions of SO(2m + 1) x SO(2) on the 
Kervaire sphere C4m+‘. By a well-known result of Hsiang [8] it follows that for an 
exotic Kervaire sphere C47n+‘, m 3 10, 
N(C47”+1) = dim [S0(2m + 1) x SO(2)]. 
Hence, for exotic Kervaire spheres, Theorem 3.3 may be viewed as a special case of 
Remark 4.2. 
Theorem B suggests the following conjecture. 
Conjecture C. Let M be a compact connected smooth manifold and G a compact con- 
nected Lie group acting effectively, nontransitively, and smoothly on M with 
0 < dimG < N(M). 
Then there exist uncountably many homothetically distinct Riemannian metrics ga on M 
with isometry groups whose identity components are all isomorphic to G. 
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We are able to confirm Conjecture C in a number of special cases. In particular, 
we consider codimension one actions, i.e., dimM/G = 1. Let ga be a G-invariant 
Riemannian metric on M and let G, denote the identity component of Isom(M, ga)_ 
The following result may be viewed as a special case of Theorem 5.1. 
Proposition 4.3. If dim M/G = 1 and G, does not act transitively on M, 
dimG, ,< N(Gx), 
where G(X) is a principal G-orbit and N(Gn:) denotes the degree of symmetry qf G(z). 
In particulal; if dim G = N(G:r:), 
G, = G. 
Proof. Since the union of principal orbits is open and dense in M, there exists x E M 
such that G,(s) = G(x) is both a principal Go-orbit and a principal G-orbit. So G, 
acts effectively on G(z) and 
dimG, < N(Gz). 
Let G,(n) = Sp(n/4),Gz(n) = G 1 x S’/&,G3(n) = G,(n) x S”/& if 71 E 
O(mod 4); Gb(n) = SU(72/2), Gs(n) = U(n/2) if n is even; and GG(~L) = SO(n). 0 
Corollary 4.4. Let G act as a group of isometries on the standard unit sphere M = 
STL(l)> n > 20, with G(z) a principal orbit qf dimension n - 1. Then there exist 
uncountably many homothetically distinct Riemannian metrics ga on M such that each 
G, satisfies one of the following: 
(1) If G(X) = S+‘(l), th en G = Gi(n), fur 1 < i < 6, and G, = Gj (n), for 
i<j<6. 
(2) lfG(x) = MP,q where 
G = G, x Gb where G, and Gb are subgroups of SO@ + 1) and SO(q + 1) acting 
transitively on S’ and Sq respectively, and 
G c G, c SO(p+ 1) x SO(q+ 1). 
Hence if‘G = SO@ + 1) x SO(q + l), 
G, = G. 
Proof. Let the g,‘s be the metrics constructed from Theorem A. Since G acts linearly 
on S”( 1) with codimension one orbits, it is well known that G(z) and G must be as 
described above. It remains to establish the possible types of the isometry group G,. 
Suppose G, acts transitively on Sn( 1). By the classification of transitive actions of 
compact connected Lie groups on spheres by Montgomery and Samelson [ 151, Bore1 [2], 
and Poncet [16], G, must be one of the following: 
G,(n+ l), 16 i < 6; i = 4,5, if n odd; i, = 1,2,3, if n+ 1 E 0 (mod 4) 
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It is not difficult to conclude that G, = SO(n + 1). Thus 
dim Isom(M,g,) = dim SO(n + 1): 
and ga is the standard metric on S’” [ 12, pp. 46, 471. This is a contradiction; hence, 
G, cannot act transitively on S”. If GLY(x) = ST”-‘, G,, again by the classification of 
transitive actions, must be one of the groups listed above. 
If G(s) = Mp,,, it follows by a result of Ku, Mann, Sicks and Su [ 131 that 
iV(A&,,) = dim[SO(p + 1) x SO(q + l)]. 
Hence 
G, c SO@ + 1) x SO(q + 1). q 
Corollary 4.5. Let G act as a group of isometrics on a standard complex projective 
n-space M = CIP”, n 3 10, with G(z) a principal orbit of dimension 2n - 1. Then 
there exist uncountably many homothetically distinct Riemannian metrics ga on M such 
that each G, satisfies one of the following: 
(1) If G(z) = S*+‘, then 
G = U(n) and G, = U(n), or 
G = SU(n) and G, = SU(,n) or U(n) 
(2) rf G(z) = M&‘,q-’ where 
MC P-‘,q-’ = M~P-‘,2q-‘/S’, n = p + 4; P, q 3 2, 
G = SU(p) x SU(q) x S’ and G, = G, or 
G = SU(p) x SU(q) and G,=GorGxS’. 
Proof. Let the ga’s be the metrics constructed from Theorem A. First we show that G, 
cannot act transitively on CP”. For otherwise, since H’(@P”;Z) = 0, it follows by a 
result of Su [ 171, that there is a lifting of the action of G, to S2n+‘, where 
s’ -+ P+’ (1) + @P 
is the standard principal S’-bundle. Thus, S’ x G, acts transitively on SZn+‘. From the 
classification theorem, we conclude 
S’ x G, = U(n + 1). 
Hence G, = SU(n + 1) and gcy is the standard metric [l]. This is a contradiction. 
If G(z) = S*“-‘, G = U(n) or SW(n) by the classification theorem, and the same 
argument applies to G,. 
If G(z) = M,“_,,,_, we have the fibration, 
S’ + M+-l,zq--l + M;_,,,_,. 
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Using the Gysin exact sequence of the fibration, we can conclude that H’ (MG_ ,,+ ; Z) = 
0. Again by the result of Su mentioned above, G, lifts to an action of S’ x G, on 
M2P-i,2q_i. Hence 
S’ x G, c SO(2p) x SO(2q). 
But G, 5 SU(p + q); hence 
G, c SW(p) x SU(q) x S’. q 
5. Proof of Theorem D 
We establish Conjecture C “up to the rank of G’. We will need a preliminary result 
which involves a somewhat delicate geometric argument. 
Theorem 5.1. Let M be a closed connected Riemannian n-manifold with metric g and 
G a compact connected Lie group with 
G c Isom(M, g). 
If dim M/G > 0, i.e., G does not act transitively on M, there exist uncountably many 
homothetically distinct G-invariant metrics ga on M conformal to g such that 
dimN(G, Ga) < N(Gz), 
where G, = Isom(M, ga)‘, N(G, GQ) denotes the normalizer of G in G, and N(Gz) 
denotes the degree of symmetry of a principal orbit G(x). 
In particulal; ifdimG = N(Gx) (Note dimG 6 N(Gx) always), 
dimN(G, Ga) = dim G. 
Proof. First suppose ga is a G-invariant metric on M and let Ma(~) denote the union in 
M of the principal G-orbits and MzCHj its image under the projection map R : M -+ M* 
Let 
W, = M& and Na = N(G, G,)‘. 
Now W, inherits a Remannian metric [l] from the open dense subset Ma(H) of M,, 
and N, acts as a group of isometries on W,. We claim it is sufficient, for the purposes 
of the proof of Theorem 5.1, to show that N, acts trivially on W,. For then 
N,(s) = G(x) 
for some x E Ma(~) where N,(x) and G( x are each principal orbits of the actions of ) 
N, and G respectively. Hence N, acts effectively on G(x) and 
dimN(G,G,) = dimNa < N(Gx). 
Our proof of Theorem 5.1 will depend heavily upon Theorem A. Fix principal orbits 
xT,x;,...,x; E M* CHj and positive real numbers 0 < al < a:! < . f < ak. If we choose 
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metrics ga, as described in Theorem A, it follows that, for each (Y, the z-t’s are unique 
local maximums with distinct critical values for the volume function V,. Hence, 
F(M,, Wn) > {z;,Z;, , Lc,t} 
where F(N,, Wu) denotes the fixed point set of N, on W,. 
In particular, F(N,, WcI) is not empty. We shall show that we can choose the go’s so 
that, moreover, N, acts trivially on W,,. 
Let dim W, = t. If N, acts nontrivially on W, and T is a maximal torus of N,, T 
also acts nontrivially on W, (since each element in N, lies in a conjugate of T) and 
(i) F(T, Wa) > F(N,, Wa) > (~7, cc;, . . . , xi}. 
By a result of Conner and Floyd [3; V], 
(ii) dim F(T, Wa) < t - 2 and dim F(T, Wn) = t (mod 2). 
Thus if T acts nontrivially on W,, 
t 3 2. 
Let F = F(T, Wa) and set 
F= uFj, 
j=l 
where the Fj’s are the components of F. By Conner 13; IV], 
(iii) 1 < xdimH,“(F,;W) < dimH,*(W,;lR) = u 
j=l 
for a fixed finite integer u, independent of gn, where we use AWS cohomology with 
compact supports and real coefficients. 
If t = 2, then dim F = 0 and each F” is a point. If we choose k > u and apply Theorem 
A, we obtain an immediate contradiction to (iii). It follows that T, and hence NC,, acts 
trivially on W,. We suppose t = 3 and develop an argument which will generalize. 
We return to the original metric g on M and let g = B(zf ,2r) be a convex ball of 
radius 2r in MYH, centered at the principal orbit X; and B = B(zf, r). Fix a > 0 small 
with respect to r, say, a 6 r/2’“+‘. 
Step 1. We find 3u points ~3 E B so that: 
(a) no three of these points lie on the same geodesic in B, and 
(b) d(zf, XT) < 2a < r, i # j; i,j = 1,2,. . . ,3~, 
where d denotes distance with respect to the metric y. 
Let V = B(rc;,a); then V c B. Choose zs and z; in V so that {x;,x$,xC;} do not 
lie on the same geodesic. For z*, y* E B, let (z*y*) denote the unique geodesic passing 
through z* and y* in B, and [z*y*] the minimal geodesic segment. Choose zr$ E V such 
that 
x; $ u{(x,Tz;): i fj; i,j = 1,2,3}. 
Now suppose xc E V has been chosen. Choose xt+, E V such that 
x;+,~U{(CC;x;): ifj; i,.j=1,2 )...) v}. 
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This completes the construction of the points xc:, 1 < i < 3u in Step 1. 
Step 2. We use the x:,’ S to construct the metrics ga. 
Let yZ; denote the midpoint on the minimal geodesic segment [yfy;], yz, yJ E B. Let 
b > 0 be sufficiently small with 6 < a. For any i, j, let & be the tubular neighborhood of 
(X:X;) of radius S and let Vi be the open ball with center at zf and radius b, 1 < i < 37~, 
where 0 < b < 6. We can choose b sufficiently small so that 
U{ [z’y’]: z* E aUi, y* E au, 1 c Vij, all i, j, 
and if y,* E NJ,, y; E XJ,, 
[~&&]nU~n??~n~~=0, i<j<k; i,j,k=1,2 ,..., 321. 
Now using the xf’s and any fixed set of ai’s, and taking care to “change metrics” 
only within the Ui’s (see Remark 2.3), we apply Theorem A to obtain uncountably 
many homothetically distinct G-invariant metrics ga on M, conformal to g, with volume 
functions V, behaving appropriately on the xz’s. 
Step 3. We show there exists a component Fj of F = F(T, Wa) with dim Fj 3 2. 
For any fixed CX, 
F > {~;,...,~;u}. 
Since by (iii) 1 < u, there exists a component Fj, 1 < j 6 1, of F and three points, say 
X* 
1,221 * and x.q such that 
Fj 1 {4,4,x;). 
By Kobayashi [12, p. 591, Fj is a totally geodesic submanifold of W,. Let [xt$], 
denote a minimal geodesic, in the metric ga, in Fj joining sf and XT and let 
p; = NJ1 n [x;x~]~, 4; = a& n [~$xf]~, i = 2,3. 
Since Fj is a totally geodesic submanifold of W,, [x;xTla is also a geodesic in W,. 
By our construction of the ga’s with respect to the Ui’s, 
[pj$,tla = [p;4;], j = 2,3, 
where [pTq,*] denotes a minimal geodesic segment in the original metric g. 
Let r; be the midpoint of [p,“q,*], j = 2,3. 
Then 
[TUT;] = [T;T;]~ c Fj, and 
[T;T;] n 77, n U2 n Uj, = 0. 
It follows that we have two distinct minimal geodesic segments [$q;] and [TUT;] in Fj 
passing through T;. But they are also minimal geodesic segments in W,. Hence, 
dim Fj = dim T’; FJ > 2, 
where T,.; Fj denotes the tangent space of Fj at r;. But by (ii), 
dimFj <dimF<t-2= 1, 
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if T acts nontrivially on IV,. Hence F s W, and T, and hence N,, acts trivially on 
W,. 
This concludes the proof for t = 3. The argument for t > 4 is completely analogous. 
Let a > 0 with a < r/2t”+s. Choose z;, XI, and z; as before and let 
(Z;z;Z;) = u { (5L*z:“): z* E (z;~;), j < k, i # j, k; i,j, k = 1,2,3} 
Inductively, we obtain XT E V, I < i < t, and let 
( x:X; . . .LE;) = u { (z;lc*): 2* E (cc;! . . . z,:_,), ii < . . . < it-,, 
i fi] ,...) it_,; il,...) if-1 = I,2 )...) t}. 
Choose xz+, E V such that 
z;+1 $! (x;...z$). 
Now suppose xt E V, t + 1 6 i < w < tu? have been defined. Choose $+, E V such 
that 
zk+, $U{(X:;..X~~): il <.‘.<it; %I ,..., it= l,..., W} 
Inductively we obtain tu points rc; E V c B, I < i < tu, with 
d(xT, x;, < 2a, i,j= 1,2 ,..., tu. 
Next we define the V&j’s and Ui’s as in the case t = 3 and use the 2:‘s and Ui’s 
and Theorem A to construct the ga’s. Again, if N,, does not act trivially on W,, for a 
maximal torus T of n/,, F = F(T, Wa) has a component Fj containing at least t of 
the x,* ‘s, say 
Fj > {x;,...,5;}. 
Let 
and rt be the midpoint of 
[p:q,*] = [p;q& c Fjr i = 2,3,. . . , t. 
Set 
Aj=U{[r;r;J: i-3,4 ,..., t}. 
Then A, c F3 and 
Aj n [U{??%: i = l,z,...,t}] = 0. 
Observe that the tangent vectors to the geodesics [SJqc] and [TUT:], 3 < i < t, at $ are 
linearly independent. Hence 
dimF, = dimT,;Fj 3 t - 1 
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and by (ii), F E IV, and N, acts trivially on w,. q 
Corollary 5.2. Let G = Tr be a toral group acting effectively and smoothly on u 
compact connected n-manifold M with dim M/G > 0. Then there exist uncountably 
many homothetically distinct, but conformally equivalent, metrics ga on M such that T” 
is a maximum toral subgroup of each 
Isom(M, ga)’ = G,. 
In particulal; if M is an aspherical manifold, 
G, = T’. 
Proof. Place a G-invariant Riemannian metric g on M and consider the metrics ga: 
constructed in Theorem 5.1. Then 
TT c G,, each o. 
Let T” be a maximal toral subgroup of G, with T’ c T” c G,. Then N(G, Ga) > TS. 
If T’(z) is a principal orbit of the action of G = T’ on M, T’(X) is diffeomorphic to T’ 
and, hence, N(T’z) = dim T’. It follows from Theorem 5.1 that 
s < dimN(T’, G,) = dimT’ = T. 
Hence T = s and T’ is a maximal toral subgroup of G,. 0 
It follows from results of Conner and Montgomery [6] that a compact connected sem- 
simple Lie group cannot act effectively on an aspherical manifold. So, if M is aspherical, 
G, must be a toral group and G, = T’. 
Proof of Theorem D. Let T’” be a maximal toral subgroup of Isom(M, 9)‘. By tak- 
ing G = T’, a subgroup of T’“, Theorem D is an immediate consequence of Corol- 
lary 5.2. 0 
Remark 5.3. The second part of Corollary 5.2 establishes Conjecture C for aspherical 
manifolds. In particular, by the Cartan-Hadamard Theorem, closed connected Riemannian 
manifolds with nonpositive sectional curvature are aspherical. 
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